Finite elements providing a C 1 continuous interpolation are useful in the numerical solution of problems where the underlying partial differential equation is of fourth order, such as beam and plate-bending and deformation of strain-gradient-dependent materials. Although a few C 1 elements have been presented in the literature, their development has largely been heuristic, rather than the result of rational design to a predetermined set of desirable element properties. Therefore a general procedure for developing C 1 elements with particular desired properties is still lacking. This paper presents a methodology by which C 1 elements, such as the TUBA 3 element proposed by Argyris et al., can be constructed. In this method (which, to the best of our knowledge, is the first one of its kind) a class of finite elements is first constructed by requiring a polynomial interpolation and prescribing the geometry, the location of the nodes and the possible types of nodal degrees of freedom. A set of necessary conditions is then imposed to obtain appropriate interpolations. Generic procedures are presented which determine whether a given potential member of the element class meets the necessary conditions. The behaviour of the resulting elements is checked numerically using a benchmark problem in strain-gradient elasticity.
INTRODUCTION
Finite elements employed in problems of solid mechanics usually interpolate only the displacement field. In most cases, the nature of the underlying equations is such that only C 0 continuity is required, that is the interpolation of the displacements must be continuous but not necessarily smooth. In other cases, however, a displacement-only discretisation leads to the requirement for C 1 continuity, that is both the displacements and their derivatives must be continuous. This is the case, for example, in bending of thin plates [1, p. 324 ], or when strain-gradient models are used [2, 3] . More details on various C 1 elements as well as alternative elements that can be used instead can be found in the book of Zienkiewicz and Taylor [1, pp. 336-376] . In practice, the difficulty in developing appropriate C 1 elements with desirable properties means that mixed formulations are usually preferred [4, 5] or other numerical methods such as boundary elements are employed [6, 7] .
A well-known C 1 element is the TUBA 6 triangular element described by Argyris et al. [8] (and, independently, by other researchers). This element has 21 degrees of freedom and uses a complete fifth-order polynomial interpolation. A simplified form of this element with 18 degrees of freedom, named TUBA 3, has also been presented. This is often preferred to TUBA 6 due to its simpler implementation, although its interpolation is polynomial but no longer complete. The expressions for the shape functions of TUBA 3 can be found in [9] . For gradient elasticity problems, examples using the TUBA 6 element are given in [10] while examples using the TUBA 3 element are given e.g. in [11, 12] .
Due to the simplicity and good numerical behaviour of the TUBA 3 element, it is interesting to investigate the existence of elements with similar properties. Besides other C 1 triangles, this search could extend e.g. to C 1 tetrahedra, or to non-conforming triangles that, while not fully C 1 , still provide accurate numerical results. Although Ženíšek [13] provides a theoretical basis for the study of C 1 triangles with polynomial interpolation, the attempt to look for elements similar to TUBA 3 is hindered by the fact that this element is developed as a somehow arbitrary simplification of another, more complex element.
For this reason, in this paper we present for the first time a general method by which C 1 elements such as the TUBA 3 element can be constructed. In this method, a class of finite elements is constructed starting from a formal definition of its characteristics. Generic procedures are then applied that, for a given order of the interpolating polynomial, provide the required interpolation. We apply this method to derive as an example two C 1 elements which are then tested numerically to demonstrate their good numerical behaviour.
THE "TRF" ELEMENT CLASS

Definition of the element class
We consider here a class of elements, called "TRF", defined by the the following characteristics (or "requirements"):
R1. The elements are triangles with straight edges. R2. Only three nodes are used, corresponding to the vertices of the triangle. R3. The degrees of freedom at each node are the value of the interpolated function and all its derivatives up to order n d . R4. A polynomial interpolation of order n p is used, which is not necessarily complete. R5. The interpolation is C 1 continuous. R6. The order n e of complete polynomial interpolation must be as high as possible.
We clarify here some of the terms used to describe the polynomial interpolation. The interpolation of a polynomial is "exact" if the interpolation is equal to the polynomial. The "order of interpolation" is the order n p of the interpolating polynomial. If the interpolation is exact for any polynomial of order n e but it is not exact for at least one polynomial of order n e + 1, then n e is the "order of complete interpolation". If n e = n p , that is if the order of complete interpolation is the same as the order of interpolation, the interpolation is simply called "complete". Note that the interpolation may not be complete even when the interpolating polynomial is complete.
The number of degrees of freedom is m d = 3
, where
, while the number of terms in a complete polynomial of order n p is m p = np+2 2
. Since the degrees of freedom must be independent, the relation m d ≤ m p must hold, resulting in the combinations shown in Table I . As the interpolation is not necessarily complete, we have 1 ≤ n e ≤ n p . A complete polynomial of order n e will have m e = ne+2 2 terms, where m e ≤ m d . Any particular element of the TRF class presented here is defined by the values n d , n p and n e , and is therefore named TRFn d n p n e C1.
Areal coordinates
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Cartesian coordinates x, y of a point P and its areal coordinates L 1 , L 2 , L 3 is given by
The relation between Cartesian and areal derivatives is given by
where
while similar equations are obtained by cycling the indices 1, 2, 3. The normal derivative on side 1 is calculated as
with similar equations obtained for sides 2 and 3 by cycling the indices 1, 2, 3 In the following we will consider multivariate polynomials of the coordinates, of order n p . Any such polynomial can be written as 
This form is equivalent, however it results in simpler expressions, as it does not discriminate against any of the three vertices of the triangle.
General form of the interpolation
The interpolating function w is defined as a linear combination of the degrees of freedom, i.e.
where d is the vector of degrees of freedom and n is the vector of shape functions, both with m d elements. Since we require a polynomial interpolation (requirement R4), the elements of n are themselves multivariate polynomials of total order n p , therefore using equation (8) we can write
where c is the vector of polynomial terms (in the areal coordinates), while E is an m p × m d matrix that depends only on the element geometry. The interpolating polynomial can then be written as
showing clearly the dependence on the coordinates (in c), the element geometry (in E) and the degrees of freedom d.
Out of the requirements given in subsection 2.1, up to now we have only used R4 (while R3 was only used to determine the value of m d ). To obtain the interpolation (9), we need to determine the shape functions n, given by equation (10) . Since c has already been selected based on the order n p , the main unknown is the matrix E, which will be determined by directly imposing requirements R5 and R6.
Imposing C 1 continuity
The C 1 continuity requirement (R5) is always met within the element due to the polynomial interpolation used. It must however also be satisfied at the common sides between adjacent elements. Since continuity of w along a side i also ensures the continuity of the directional derivative in the direction tangent to the side, we only need to ensure continuity of w and of the normal derivative ∂w/∂n (i) .This continuity is obtained if both w and ∂w/∂n (i) on side i depend only on the degrees of freedom belonging to that side and on the geometry of the side (i.e. they do not depend on the degrees of freedom or the coordinates of the third node).
For simplicity, we only consider here continuity across side 1 of the triangle. Continuity across the other two sides will then be obtained by proper cycling of the indices in the resulting expressions. The element has straight edges (requirement R1) therefore on side 1 we have L 1 = 0 and L3 = 1 − L2. Since only three nodes are used (requirement R2), we can write equation (11) as
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np−a for α = 0 . . . n p . The interpolation w on side 1 is therefore given by
As the degrees of freedom can take arbitrary values and the elements of c (Z) are linearly independent, C 0 continuity is obtained if E (Z1) = 0 and E (Z2) , E (Z3) depend only on b 1 and c 1 . To obtain C 1 continuity, we must also consider the normal derivative of w on side 1. Since the normal derivative of c (H) on side 1 is zero, we obtain
The elements of the normal derivative of c (F ) on side 1 are linearly independent, therefore to obtain C 1 continuity we must set E (F 1) = 0 so that the normal derivative of the interpolation does not depend on the degrees of freedom of node 1. However we note that independence from the geometry (i.e. the position of node 1) is quite more complicated to enforce.
Summarising the above we see that, for the element class presented here and the specific form of the c vector used, the continuity requirement regarding the degrees of freedom is easily enforced by setting to zero the elements of E that belong to a column corresponding to a degree of freedom of node i and to a row corresponding to a term of c where the exponent of L i is either 0 or 1. We note that the continuity requirement regarding the geometry is more difficult to enforce a priori, especially for the normal derivative, and will thus be checked after the order of interpolation is determined by the procedure given in the next subsection.
Selecting the order of complete interpolation
Consider an arbitrary polynomial v of order n p in the areal coordinates, as given by equation (8) .
To interpolate v, we must calculate the values of the degrees of freedom. Since these are the values of v and its Cartesian derivatives evaluated at the nodes (requirements R2 and R3), the degrees of freedom d v can be easily calculated as a linear combination of the coefficients p, that is
where G is calculated as a function of the element geometry. Indeed, the columns of G are the values of d evaluated for the respective term in c. The interpolation w v of the polynomial v is then given by
where, in the general case, w v = v.
Consider now an arbitrary polynomial v e of order n e ≤ n p , which can be written as
where the elements of c e are all the products of the form
Since n e ≤ n p , the polynomial terms in c e can be written as linear combinations of the respective terms in c c e = H 
where H e is an m p × m e matrix whose elements are known numbers. The polynomial v e can then be written as 
Using this equation, the largest possible value of n e which yields a solution for E is determined by trial and error, noting that only H e depends on n e . The above procedure requires the evaluation of the different H e matrices for different values of n e . We give here a slightly less obvious method, which only requires evaluating a single additional matrix. Following a comment made in section 2.2, we introduce a vectorc whose elements are all the products L α 2 L β 3 with α + β ≤ n p , which are sorted in ascending total polynomial order. The relation betweenc and c is given byc
whereH is an m p × m p matrix whose elements are all constant numbers. The advantage of this method is that the respective vectorc e for the polynomial of order n e consists of the first m e elements ofc, so we can writec
where I e is an m p × m e matrix with diagonal elements equal to one and off-diagonal elements equal to zero. After some calculations we get, instead of equation (21), the equation
In this form, n e only affects I e , by determining that only m e of the columns of (EG − I)H should be equated to zero.
Interpolation of the interpolation
Equation (16) gives the interpolation w v of a polynomial v for which, as already mentioned, in the general case w v = v. Since w v is itself a polynomial, its interpolation w w is given by
where in the general case w w = w v . We may however impose the requirement w w = w v , in which case equations (16) and (25) yield
which, if GE is invertible, yields
It should be emphasised again that it is not necessary to require that the interpolation of the interpolating polynomial must be exact. As shown when considering specific elements, however, if this requirement can be imposed then using equation (27) we can easily evaluate most of the elements of E.
THE TRF254C1 ELEMENT
To demonstrate the validity of the method we presented, we apply it here for the case of an element that uses a fifth-order interpolation, where we expect to derive the TUBA 3 element. 
Element formulation
For an element that uses a fifth-order interpolation, like TUBA 3, we have n p = 5 and m p = 21. The elements of vector c are therefore
In this case, as easily seen from Table I , n d = 2 and m d = 18 so that the degrees of freedom for the interpolation of a function f are
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where the superscript in parentheses indicates the node where f and its derivatives are evaluated while the subscripts after the comma indicate differentiation with respect to the Cartesian coordinates.
Due to the order of the elements in vectors c and d, the G matrix has the convenient form
where G j are 6 × 6 matrices that depend only on the quantities b i and c i (i = 1, 2, 3), and can be determined from each other through cyclic permutation of the indices. Equation (21) together with the restrictions for C 1 continuity can be satisfied for order of complete interpolation n e = 4, therefore the element under consideration is a TRF254C1 element. After extensive calculations we obtain
where 
where α(b i , c i ) is a dimensionless function introduced when imposing C 1 continuity with respect to the geometry, for which
The presence of the function α(b i , c i ) in the expression for E shows that there is not a unique TRF254C1 element, but rather a family of them. For α(b i , c i ) = 0 we obtain the simplest expression for E and it is easy to verify that the resulting element is the TUBA 3 element. Since the requirements of section 2.1 are met for any admissible choice of α(b i , c i ), we expect the resulting elements to have equally good numerical behaviour, and this is indeed found to be the case in the numerical results obtained in section 6. The choice α(b i , c i ) = 0 is however preferable since it allows for simpler application of boundary conditions, as shown in section 3.2.
Note that the values of E and G obtained for the element TRF254C1 satisfy equation (27), therefore the interpolation of the interpolation is exact. Indeed, we could have used equation (27) from the beginning, to directly calculate the submatrices E i as
Interpolation on the boundary
We consider, for simplicity, the case of an element whose side 1 is parallel to the x axis in the Cartesian space, so that b 1 = 0. The interpolation w (1) of a function f on side 1 is then calculated as
,xx (37)
We see that the interpolation on the side (that is, along the x direction) only depends on the value of f and its derivatives with respect to x (evaluated on nodes 2 and 3). The value of the normal derivative on side 1 is similarly calculated as
Therefore, setting α 1 = 0 (and similarly α 2 = α 3 = 0) the value of the interpolation and its normal derivative on the boundary can be prescribed independently.
THE TRF375C1 ELEMENT
Using a seventh-order interpolation, i.e. n p = 7 and m p = 36, the vector c can be written as
In this case n d = 3 and m d = 30, so the vector d of degrees of freedom is
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Interestingly, the G matrix has the same form as the one for the TRF254C1 element, given in equation (30), where G j are now 10 × 10 matrices.
Choosing n e = 6 provides no C 1 element, while n e = 5 produces a TRF375C1 element. As in the case of the TRF254C1 element, a family of elements is actually obtained, which now depend on 24 functions. Of these, 12 functions can be determined using equation (27), which was not automatically satisfied by imposing C 1 continuity. The E matrix then takes the form
where, as in the TRF254C1 element, E 2 and E 3 are obtained from
1 by cyclic permutation of the indices while the starred submatrices are obtained from each other by cyclic permutation of the indices and of the rows.
The 3 × 10 matrices E * i (i = 1, 2, 3) have three functions which can be determined by requiring, as in section 3.2, that on the boundary the value of the interpolation and its normal derivative can be prescribed independently.
There remain therefore 9 functions in the 3 × 10 matrices E * * i (i = 1, 2, 3) which cannot be determined by C 1 requirements. This happens because these matrices multiply the terms
respectively. These terms are "C 1 bubble functions" since their value and the value of their normal derivative on the boundary is zero, therefore the components of E * * i are only determined by requiring n e = 5. The value of the 9 functions is then selected arbitrarily, with the objective of providing relatively simple expressions.
The resulting expressions for the submatrices of the E matrix are quite large. It is therefore simpler to give directly the expressions for the first ten shape functions (with the two remaining sets of ten shape functions being obtained by cyclic rotation of the indices). These are 
where the quantities r ij are obtained from equation (34) 
Finally, it is worth noting that the element thus obtained is not a direct simplification of the C 1 full heptic triangle (see e.g. [14] ), since the latter does not have third-order derivatives as degrees of freedom but it has internal nodes (corresponding to the three "C 1 bubble functions" of the seventhorder polynomial).
OTHER ELEMENTS IN THE TRF CLASS
The TRF254C1 element obtained in section 3 for n p = 5 is the first element in the TRF class, i.e. the one with the smaller number of degrees of freedom. Although this follows from the proof of Ženíšek [13] , the development of lower-order interpolation elements was attempted, verifying that in these cases the procedure presented here indeed shows that such elements do not exist.
For interpolation order n p = 6 the best possible element would be a TRF264C1 element that would not offer any advantage in terms of quality of interpolation over the TRF254C1 element, therefore the next useful element is the TRF375C1 element described in section 4.
It is worth considering briefly the case n p = 8 for which table I implies that we may obtain a TRF488C1 element which, in contrast to the elements considered up to now, would have the useful characteristic of using a complete polynomial interpolation. In this case, with n e = n p , equation (24) yields
since I e is now simply the identity matrix I andH is invertible. In other words, if n e = n p then E is just the inverse of G (since both matrices are now square). However for n p = 8 and n d = 4 the G matrix is singular, since the columns corresponding to the terms
2 are all zero, and therefore a TRF488C1 element does not exist.
Using the procedure described in this paper, additional elements can be created for higher interpolation orders, for example a TRF497C1 element, although in usual finite element applications they would probably see little use. 
NUMERICAL EXAMPLES
We present in this section a brief evaluation of the numerical behaviour of the elements described in this paper, using a benchmark problem in gradient elasticity [15, 16] . The problem, shown in Figure 2 , can be considered as a simplified version of the problem of the "bolted layer" proposed by Vardoulakis [17] . The constitutive model used is the commonly encountered "simplified" linear isotropic gradient elasticity model, with a single internal length (see for example [18] ). The material parameters used in the numerical solution are λ = 0, µ = 500 and = 0.005, the dimension of the domain is L = 0.1 and the applied double traction is R y = 1. The value λ = 0 is selected to provide a simple but nontrivial analytical solution without the need for special measures at the left and right boundaries. This allows a more accurate evaluation of the numerical behaviour of each element type used. Two different types of meshes are used, neither of which presents a single "preferred" direction.
As a measure of the accuracy of the numerical solution we compute the relative error of the vertical displacement u t y at the top edge. The relative error is defined as the absolute value of the difference between analytical and numerical solution, normalised by the analytical solution (the analytical solution in this case is u t y = R y /2µ). The results, for the TRF254C1 element with different constant values α of the α(b i , c i ) function as well as for the TRF375C1 element, are plotted as convergence diagrams in Figure 3 showing the relative error as a function of the mesh density, for each of the two meshes.
Considering the TRF254C1 element, we see that for all values of α the numerical solution converges to the analytical one, up to a point where round-off errors become important. Negative values of α were also tested with results very similar to those for the corresponding positive values. As expected, for larger values of the α parameter round-off errors affect the numerical solution for smaller problem sizes. Comparison of the results obtained with the two different mesh types shows that the choice α = 0 provides good accuracy which, although not always the best possible, it may nevertheless be trusted to consistently improve upon mesh refinement. Since there does not seem to exist a specific choice of α that consistently yields better results, the value α = 0 is preferred for the reasons given in Section 3.2.
The TRF375C1 element yields better accuracy than the TRF254C1 for both meshes considered here, as well as a slightly higher convergence rate. For the case of domains with curved boundaries, however, the TRF254C1 element may be preferrable as for the same total number of degrees of freedom, more elements (with straight edges) would be used thus allowing better approximation of the geometry. 
CONCLUSIONS
While the TUBA 3 triangle is frequently used in applications requiring C 1 elements, it is always considered as a simplified version of the more complex TUBA 6 element. In this paper we describe for the first time a generic procedure through which a class of elements like TUBA 3 can be directly generated, without reference to other, more complex elements.
Application of this procedure shows how the TUBA 3 element is not the only member of this class providing the given interpolation order, but it is the simpler one to formulate and, more importantly, to use when enforcing boundary conditions. The same procedure can be used to derive a TRF375C1 element that includes third-order derivatives as degrees of freedom. Numerical solutions to a problem of gradient elasticity are provided to validate the theoretical results obtained.
The proposed procedure refers to a specific class of elements. It however provides a systematic framework which could be further extended to investigate C 1 triangular elements with other types of degrees of freedom, non-conforming triangular elements, as well as C 1 tetrahedral elements. Additionally, the method can be extended without great difficulty to consider elements with higher continuity, for example C 2 elements.
